GROUNDSTATES OF NONLINEAR CHOQUARD EQUATIONS: 
EXISTENCE, QUALITATIVE PROPERTIES AND DECAY 

ASYMPTOTICS 



VITALY MOROZ AND JEAN VAN SCHAFTINGEN 

Abstract. We consider a semilinear elliptic problem 

-Au + u = {Ia,*\u\P)\u\P-'^u inR^, 

where la is a Riesz potential and p > 1. This family of equations includes the 
Choquard or nonlinear Schrodinger— Newton equation. For an optimal range 
of parameters we prove the existence of a positive groundstate solution of 
the equation. We also establish regularity and positivity of the groundstates 
and prove that all positive groundstates are radially symmetric and monotone 
decaying about some point. Finally, we derive the decay asymptotics at infinity 
of the groundstates. 
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(1.1) 



1. Introduction 

Given p G (1, oo), iV e = {1, 2, . . . } and a G (0, N), we consider the problem 

-Au + u= {Ia*\u\P)\u\P-^u inR^, 

u(x) — > as |x| — >■ oo, 

for u : S.^ — )■ R, where Iq, : R^ — R is the Riesz potential defined by 

I (x) - ^ 2 ) 

^ r(fV^/22"|xr-"' 

and r is the Gamma function, see [271 P- 19]- 

If u solves when a = 2 and > 3, the pair {u,v) = (m,/q * satisfies 
the system 

-Au + u = v\u\P-'^u inM^, 

-Aw = \u\P in R^, 

— > as |x| CO, 

v{x) — > as |a;| — > oo. 

Equation (|l.ip is usually called the nonlinear Choquard or Choquard-Pekar 
equation. It has several physical origins. In the physical case N — S, p = 2 and 
a = 2, the problem 

'' -Au + u= {l2*\u\'^)u inR^, 

u{x) — ?> as — >■ oo, 



(1.2) 



appeared at least as early as in 1954, in a work by S. I. Pekar describing the quantum 
mechanics of a polaron at rest [55]. In 1976 P. Choquard used (|1.2p to describe 
an electron trapped in its own hole, in a certain approximation to Hartree-Fock 
theory of one component plasma [TB]. In 1996 R. Penrose proposed (jl.2D as a model 
of self-gravitating matter, in a programme in which quantum state reduction is 
understood as a gravitational phenomenon [23 . In this context equation of type 
(|l.ip is usually called the nonlinear Schrodinger-Newton equation. If u solves (ll.ip 
then the function ip defined by ip{t,x) = e**M(x) is a solitary wave of the focusing 
time-dependent Hartree equation 

= -Aijj - (/„ * IVjDIV-r'V in R+ x R^. 

In this context (jl.ip is also known as the stationary nonlinear Hartree equation. 
Problem (jl.ip has a variational structure: the critical points of the functional 

Ea,p e C^{W^^'^{M.^)nL^{M.^);m) defined for u G W'^^^{R^) n (R^) by 

EaA^) = \l IV^P + \u\^ - -L / (/„ * \ur)\u\P 

are weak solutions of p.ip . This functional is well defined by the Hardy-Littlewood- 
Sobolev inequality which states that if s € (1, — ) then for every v £ i'*(R^), 

N s 

Ia*v£ Lf^^{R^) and 



(1.3) / \I^*v\T^<C 



where C > depends only on a, N and s. Also note that by the Sobolev embedding, 
W'HR^) C i^(R^) if and only if < i < 

The existence of solutions was proved for p = 2 with variational methods by 
E.H.Lieb, P.-L. Lions and G.Menzala [TC1[T71[2T] and with ordinary differential 
equations techniques [HldSKlH]- We prove the following general existence result. 
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Theorem 1. Let iV e N*, a £ (0,iV) and p G (l,oo). If < p < IvTS' 
there exists u e W^'^{R^) such that 

-Au + u^ {Ic, * \u\P)\u\P-'^u 

weakly in . Moreover, 

E^,p{u) = mi^E^^piv) : v £ W'^^R'') \ {0} 

and [ \Vv\^ + \v\^= [ {I^*\v\P)\v\p}. 

This existence result was mentioned without proof in ^20. p. 457]. Here we pro- 
vide a complete proof of theorem [U with an emphasis on the case p < 2 and the 
condition p > 1 + which replaces the standard superlinearity condition p > 1 for 
similar local problems. 

The existence result of theorem [T] is sharp, in the sense that if ^ < or 

^ > IvTa' P^'oblem (jl.ip docs not have any sufficiently regular nontrivial varia- 
tional solution. In particular, when p = 2 and a < A'^ — 4, (jl.ip has no nontrivial 
smooth variational solution. Theorem [T] can be extended to a general class of non- 
homogeneous nonlinearities [25] . 

Theorem 2. Let N e , a e {0, N) andp € {l,oo). Assume that u e W^''^{R^)n 
L^ (R^) and that Vu € <;^(M^) H L^f^ (»^)- If ^ < ^ or ^ > and 

^Au + u= {la * \u\P)\uY'-'^u 

weakly in R^ , then u = 0. 

The proof of theorem [2] is based on a Pohozaev identity for (|l.ip . 

We call groundstate a function that satisfies the conclusions of theorem [TJ When 
N = 3, a = 2 and p = 2, E. H. Lieb has proved that the groundstate u is radial and 
unique up to translations [I6j. Wei Juncheng and M. Winter have shown that the 
groundstate is up to translations a nondegenerate critical point [32' . 

The symmetry and the regularity of solutions have been proved under the as- 
sumption 

(1.4) p>2 and [2, ^] n (p, n ( i^^, ^H^) n [12^, oo) ^ 

respectively by Ma Li and Zhao Lin 20J and by S. Cingolani, M. Clapp and S. Secchi 
[lOj . We prove here the regularity, positivity and radial symmetry of groundstates 
of Choquard equation (|l.ip for the optimal range of parameters. 

Theorem 3. Let N e , a e (0, iV) and p G (l,oo). Assume that < p < 
■j^. IfuG W^''^{R^) is a groundstate of 

-Au + u^ {Ic*\u\P)\u\P-^u mM^, 

then u G L^iRj^) n C°°{R^), u is either positive or negative and there exists xq G 
and a monotone function v G C°°(0,oo) such that for every x G R^ , u{x) = 
v{\x - Xq\). 

In order to treat the radial symmetry of the solutions in the case p < 2, we use 
a variational argument based on the techniques of polarization [HEI] • 

Finally we study the decay asymptotics of the groundstates. It was known that 
if p > 2, then 

u(x)=0{\x\-^e-\^\) 
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as |a;| — > oo and if p > 2, then for every e > 0, 

as \x\ — oo [10, proposition A.2;|T71 remark 1]. We have aheady studied optimal 
lower bounds of the asymptotics of distributional supers olutions of Choquard equa- 
tions in exterior domains [24 . Here we derive the following sharp asymptotics for 
groundstates. 

Theorem 4. Let N e N^, a e (0,iV) and p e (l,oo). Assume that < p < 
pj^^ ■ If u d W^'^{]S.^) is a nonnegative groundstate of 



then 
and 

- ifp > 2, 



ifp : 



whe 



lim w(x)|a;| ' gl^l ^ (Q, oo)] 

|x|^oo 



lim u(2;)|a;| ^ exp / \/ 1 -r-. rfsGfO.oo), 



r(f )7r^/22" 7k" r(f)7r^/22^ 



ifp < 2, 



lim (^(a;)) '^\x 



\x\-^oo^ ^ " ' ' r(f)7r^/22" 

In the case where either p > 2 or p = 2 and a < iV — 1, similarly to the 
local stationary Schrodinger equation, the linear part dominates the nonlocal term 
and nonnegative groundstates of Choquard equation have the same asymptotics 
as the fundamental solution of the Schrodinger operator — A + 1 on and thus 
u{x) X |a;| 2— e~l^l. 

If p < 2 the decay of the groundstates is polynomial and entirely controlled by 
the nonlocal term in the equation. A similar polynomial decay has been observed 
in the limiting integral equation for p = ^ ~^ 'W 0- -Note that for the nonlinear 
Schrodinger equation with fractional Laplacian the solutions also decay polynomi- 
ally [121 theorem 1.3]; in the latter case however the polynomial decay is inherited 
from the linear operator whereas in our case it comes from the nonlinearity. An in- 
teresting feature of the decay asymptotic is that it could be used to show that even 
though Ea.p withp < 2 is nowhere twice Frechet-differentiable, it is twice Gateaux- 
differentiable at a groundstate u. In particular, the question of nondegeneracy of u 
makes sense. 

When p — 2 and a > N—1, the effect of the nonlocal term in the Choquard equa- 
tion becomes strong enough in order to modify the asymptotics of the groundstates. 
All the three terms in the equation become balanced and each term should be taken 
into account in order to derive the asymptotics of the groundstates. li p — 2 and 
a — N—1, the nonlocal term creates a polynomial correction to the standard 
exponential asymptotics, so that u{x) x |x| 2 1 2 e~'^'. If a > iV — 1, the 
correction to the exponential asymptotics is an exponential bounded by e^'^' * ' 
(see remark [OJ- When p — 2 the asymptotics of la * |wp depend only on the 
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groundstate energy £^a,2('u); this might be useful in order to prove uniqueness of 
the groundstate in these cases. 

In the classical physical case iV = 3, a = 2 and p — 2, where the uniqueness 
of the groundstate is known [12] , theorem [3] gives the decay asymptotics of the 
groundstate with an explicit polynomial correction to the standard exponential 
decay rate |a;|~^e~l^l of the fundamental solution of — A + 1 in M^. This polynomial 
correction seems to be missing in [32, Theorem I.l (1.7)]. 

Corollary 5. If u £ W'^''^{M.^) is a nonnegative groundstate of 

-Au + u^{l2* \u\^)u in B?, 

then 

lim M(x)|a;|i-*^2-^(")el^l € (0,oo). 

\x\^oo 

The sequel of this paper is organized as follows. In section [2] we explain the 
relations between different variational problems which were historically used in 
connection with Choquard equation. Then we provide a detailed proof of theorem 
[TJ with an emphasis on including the case p < 2, which was not considered before 
in the literature. In section[31 we derive a Pohozaev identity for Choquard equation 
and prove the nonexistence result of theorem [51 The four last sections are devoted 
to the proof of theorem [31 We begin with the regularity (section [J]) , continue with 
the positivity (section 15. ip and the symmetry (section 15. 2|) , and conclude with the 
asymptotics of the solutions in section [SI 

2. Existence 

2.1. Variational characterizations of the groundstate. There are several ways 
to construct variationally a groundstate of (|l.ip . 

The first way historically to construct solutions consists in minimizing the quan- 
tity 

under the mass constraint Jjjivh^P = in order to obtain a weak solution u G 
W^'^R^) of 

-Au + fiu= {la*\u\P)\u\P-^u, 
where /x e K is a Lagrange multipher [TSl [T71 section 3; [TSl section III]. Such solu- 
tions are called normalized solutions. Another approach to the existence is to study 
the existence of a minimizer of Ea^p under the Nehari constraint {E'^ p{u), u) — 
[T71 section 2]. A third construction ^TE[ section III. 4] consists in minimizing the 

functional 5«,p G C^{W^^^{R^) D L^(R^) \ {0}) defined for u G W^^^iR^) 
lM^(RN)\{0} by 

^ f J^.\yu\^ + \u\' 

{lMAla*\u\P)\u\Py 

One more approach to construct solutions variationally is to consider the functional 
associated to the interpolation inequality associated to the problem: 

N N + a N + a N-2 

2p 2 



M^o.p(") = — ^ ^ ^ 



(j^.{Ic.*\u\P)\u\P 



see [33] for the local analogue. 

The next proposition describes the relationships between the different minimiza- 
tion problems. 
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Proposition 2.1. Let N eN^, a e {0,N) and p e (l,oo). Let u e W^'^{R'^) n 
L-nt^ \ {0}. For t eR^, letut ■.R'^ be the dilated function defined for x eR^ 
by Ut{x) — u{tx). One has 

/I 1 \ p 



IfN_2 l N 

J\ -\-a p N -\-a ' 



1 N-2 X " " + ° 

2p 



TV +1+2 p N+a ' 




< N+a+2 ' ^"^^tyoE^pit^Ut) = -oo anrf 



max 



2p 



(/e 



W + a 
2p 



Proof. This is proved by a direct computation. □ 

This proposition shows that under some restrictions on the exponents, any infi- 
mum of one of the variational problems described above can be written in terms of 
any other, and any minimizer of one problem is up to suitable dilation and rescaling 
a minimizer of the other problems. Note however that for ^ < jy^^2 energy 

p{u) under the mass constraint /rnI^P = to is unbounded below and hence, 
as it was already remarked [T71 remark 9; [TBI remark III. 7] in the case p = 2, the 
minimization of Sa,p works under less restrictions than the minimization of E^ ^ 
among normalized functions. 

In this rest of this section, we shall prove the existence of a minimizer for the 
variational problems Sa,p- 

Proposition 2.2. Let iV e N*, a G (0, A^) and p E (l,oo). If < I < Ivfs' 
then there exists u E W^''^{R^ ) such that 

Sc,p{u) = inf{S'a,p(w) : v E W^^'^{R'^) and v ^ O}. 
Observe that theorem [1] is a straightforward consequence of propositions 1 2 . 1 1 and 

There are several strategies to prove proposition 12.21 A first strategy consists 
in minimizing among radial functions and then prove with the symmetrization by 
rearrangement that a radial minimizer is a global minimizer. This approach was 
used for normalized solutions [TBIISI] . 

The other approach is the concentration-compactness method of P.-L. Lions [THl 
[TH] . In the sequel of this section we give a proof of proposition 12.21 that relies on 
the simplest tools of concentration-compactness. 
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2.2. Tools for the existence. The first tool in our proof of proposition 12.21 is a 
concentration-compactness lemma of P.-L. Lions that we reformulate as an inequal- 
ity [13 lemma I.l] (see also [311 lemma 1.21]). 

Lemma 2.3. Let q e [l,oo). // 5 - < ^ < 5 then for every u € ^^^'^(R^), 

^^r<c(sup / H'Y'Hf ivwp + kp). 

Proof. By the Gagliardo-Nirenberg-Sobolev inequality on the ball [T] theorem 5.8], 
for every x € M^, one has 

|^^r<c(sup / \u\A''Uf \Wu\^ + \u\^ 



I Bi(x) ^xeV J Bi(x) ' ^JBi{x) 

We reach the conclusion by integrating x over R^. □ 
Our second tool is a Brezis-Lieb lemma for the nonlocal term of the functional. 
Lemma 2.4. Let N £ N, a £ {0,N), p G [1, ^'^^ ) and (u„)„gN be a bounded 

'2Np 

sequence in L (R"^). If Un ^ u almost everywhere on as n ^ oo, then 



lim 

n^oo 



(/a * k„r)|u„r - / {la* \Un " u\P)\Un - u\P ^ [ (/„ * \u\P)\u\P . 



R« 

In order to prove lemma [T^ we state an easy variant of the classical Brezis-Lieb 
lemma [6J (see also proposition 4.7.30; |3S1 theorem 4.2.7]). 

Lemma 2.5. Let C M.^ be a domain, q G [l,oo) and (u„),igN be a bounded 
sequence in L^'{Q). Lf Un ^ u almost everywhere on as n 00, then for every 

lim / Uunl" -lu^-ul" -lu]"]^ ^0. 

Also recall that pointwise convergence of a bounded sequence implies weak con- 
vergence (see for example [5, proposition 4.7.12; 35, proposition 5.4.7]). 

Lemma 2.6. Let fl C be a domain, q G (l,oo) and (u„)„gN be a bounded 
sequence in L'^{Q). If Un u almost everywhere on Q as n 00, then Un ^ u 
weakly in L'(ri). 

We now have the ingredients to prove lemma 
Proof of lemma \2.4\ For every n G N, one has 



(/aH"nr)l"«r- / {lo.*\Un-u\P)\Un-u\P 
R" JR« 



(/a * {\UnV - \Un " u\P)){\Un\P - - u\P) 

+ 2 f {l^*{\Un\P-\Un-u\P))\Un 



/R« 

By lemma 1^751 with q = p and r = j^^, one has |u„ — u\p — \un\P ^ strongly 
in Ln+q (R^) as n — > 00. By the Hardy-Littlewood-Sobolev inequality (11. 3p . this 
implies that * (|u„ — u\p — |u„|p) —>■/„* \u\p in L«-° (R^) as n — > 00. Since 
by lemma 12.61 |u„ — u\p weakly in (R^) as n — > 00, we reach the 

conclusion. □ 
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2.3. Proof of the existence. We now employ lemmas 12.31 and 12.41 in order to 
prove proposition 12.21 

Proof of proposition \2.'A Set 

c„,p = inf{5„,p(u) : u e W^'^iR"") \ {0}} 

= inf|s'„,p(u) :ue VKi^2(K^) and / {I„ * \u\p)\u\p ^ l] . 

Let {un)n<£N be a sequence in W^''^{R^) such that * |'"n|^)|u„|'' = 1 for 

every n S N, and lim„_5.oo Sa,p{un) — Ca^p- In particular, the sequence {un)neN is 
bounded in W'^-^{R^). 

By the Hardy-Littlewood-Sobolev inequality (|1.3|) and by lemma 12.31 taking 
into account that 5 — < < 5, we obtain 

N + a 
2Np \ — 

u„\ 



r \JTISN ' 

< c 



7'f(sup / K|^)""^7/ |v^.„p + Kp)y 

d in 

sequence (x„)„gN in such that 



^xeR" J Bi{x) 

Since (u„)„gN is bounded in M^^'^(E^) and ^ < ^y^, we deduce that the exists a 



(2.1) inf / |zi„|— >0. 

Since the problem is invariant by translation, we can assume that for every n £ N, 
Xn = 0. Because the sequence (un)neN is bounded, we can also assume without loss 
of generality that m„ u e W^^'^{R^) weakly in ^^^'^(R^) as n -> 00. By (pi^) . 
M 7^ 0. Note now that 

/ |Vitp + |up= lim / |Vw„|2 + |u„|2- / |V(m„-u)|2 + |u„-u|2, 

JR" JR« JR« 

and therefore 

5„,»^lim^.,K)^^-('"*""""')""""'^' 



< 



Ca^p lim inf 



- V !^^{lc.*\u\P)\u\P 

JuNjlg * \U„ - u\P)\Un - u\P\^ p 



lRN{la*\u\P)\u\P 

By lemma [TM since p > 1, we reach a contradiction if 

{la * \u\P)\u\P < hminf / * \un\P)\u^\P 



We conclude that Sa,p(u) = c^^p which completes the proof. □ 

3. POHOZAEV IDENTITY 

In this section we prove the nonexistence result of theorem [2] and establish a 
relationships between the energy and L^-norm of a solution. 
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3.1. Pohozaev identity. We establish the foUowing Pohozaev type identity. 
Proposition 3.1. Let u e W^''^{M.^) D L^(R^). // 

^Au + u= {I^*\u\P)\u\P-^u. 
and u e W^^liM.^) n M^^'T^p(M^), then 

^ JR" ^ JR" JR" 

G. Menzala has used a similar identity to prove the nonexistence of solutions to 
the equation -Au + u- pia{x) = (/„ * \u\'^)u [12]. When iV = 3, a = 2 and p = 2, 
proposition 13.11 has been proved for smooth solutions [TTJ lemma 2.1]. 

Our proof of proposition 13.11 follows a classical strategy of testing the equation 
against x-Vu{x) which is made rigorous by multiplying by suitable cut-off functions 
[ISl proposition 6.2.1; 34, appendix B]. 

Proof of vrovosition UJl We take ip e Cj!^(M^) such that ip = 1 on Bi. By testing 
the equation against the function v\ G W^''^{R^)nL^n^ (R^) defined for A G (0, oo) 
and a; G by 

v\{x) — (p{Xx) X ■ Vu{x), 

we have 

JR« JR" JR" 

We compute for every A > 0, 

uv\ = I u{x)(p{\x) X ■ Vit(a;) dx 

R" Jr« 



/ ^(Aa;)x- V(^)(a;)dx 



(Nip{Xx) + Xx ■ Vip{Xx)) dx. 

2 

By Lebesgue's dominated convergence theorem, it holds 

lim / uvx = / 
Next, since u € W^^^i^^) we have 

/ Vu-Vvx= [ ip{Xx){\Vuf + x-V{^-^){x))dx 

JR« JR« 

((iV - 2)</7(Ax) + Ax • VifiXx)) dx. 

R" 2 

By Lebesgue's dominated convergence again, since u G VF^'^(R^), 

f N — 2 f 
lim / V-it-VuA = — / |Vwp. 
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Finally, we have for every A > 0, 



{Ia^*\u\P)\ur\vx= / \u{y)\PUx-yMXx)x-W{^-^){x)dxdy 
-Iff Ux-y)(Hy)\M^x)x-VC-^ 

^ .ION .Ion \ ^ 

'\u\ 



Ux-y)[\u[y)\Pv{\x)x-y{^){x) 

R" JR" ^ 

+ \u{x)\P^{\y)y^{\i^){y))dxdy 
\u{y)\PIo,{x - y){N^(\x) + x ■ V(^(Ax)) J--^ dxdy 

R« Jr« P 

N-a 



2p 



\u{y)\PUx~y) 

(x-y)- {xip{Xx) - yLp(\y)) 



u{x)\P dxdy. 



\x - 

We can thus apply Lebesgue's dominated convergence theorem to conclude that 

hm / {l^^\u\P)\ur^uvx^-^^^ f {I^*\u\P)\u\P. □ 

JR« '^P JR" 

3.2. Proof of the nonexistence. We now complete the proof of theorem [21 
Proof of theorem\^ By testing the equation against u, we obtain the identity 

R" JR" JR« 

Hence, we have 

O AT I r , AT AT I r 

|2 _ A 



/ N-2 N + a \ r 2 N + a \ f 



u 



If - < TTT^ or i > TTj^, this implies that u^O. □ 

3.3. An integral identity. Proposition 13. II allows to express /rnIu^ in terms of 
Ea.p{u). We will see in section [5] that the asymptotics of the groundstates when 
p < I depend on When p = 2, we will thus be able to express the 

asymptotics of a groundstate in terms of the energy of the groundstate. 

Proposition 3.2. Let a e (0, A^) and p G (l,oo) be such that ^ p ^ N+a ■ 

Ifue W^'^{R^) is a groundstate of 

then 

\H'={^-iN-2))E^.,{u). 

Proof. The proof is a direct computation. □ 

4. Regularity 
In this section we study the regularity of a solution of (|l.ip . 

Proposition 4.1. Let a £ iO,N) and p £ (l,oo) such that p ^ N+a ■ 

u e W^'^iR'^) be a solution of 

^Au + u= (/„ * \u\P)\u\P-^u. 

Then u e L^(R^) n C2(]R"), u e W^'^iR^) for every s > 1, and u e C°° {R^ \ 
u-\{0})). 
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S.Cingolani, M. Clapp and S. Secchi [TUl lemma A.l] have proved that u G 
L*(R^) for every s > 2 and that u is smooth under the additional assumptions 
that p>2 and that (fLi)l holds. 

We shall split the proof of proposition 14. II in the proof of three separate claims. 



1 



Claim 1. For every s > 1 such that 

one has u G L^{M.^) and for every r > 1 such that 

1 a f 1 

r N\ pj 
one has u G ^^^''■(R^). 

Proof of claimUi Since u € W^-'^{R^), u e L^«(R^) with 

2Np 

Set So = Sq = So. Assume that u e L^{M.^) for every s G [s„,s"]. By the Hardy- 
Littlewood-Sobolev inequality (11. 3p . if 

1 p a 

- = - - > 
t s N 

then la * \u\P e L*(R^). Further, if 

1 _ 2p - 1 a 

r N ^' 

then we have (/„ * \u\p)\u\p-'^u € L''(R^). Hence, u £ W'^'''{R^) by the classical 
Calderon-Zygmund regularity estimates P31 chapter 9] . 
Therefore, if 

a 1 N + a 
< - < 



Np s N{2p - 1) ' 

then u e P^^''"(R^). In other words, we have thus proved that u G W'^'^(R^), for 
every r > 1 such that 



and 



2p-l a 1 2p-l a 



r iV V n 



Finally, by the Sobolev embedding theorem, u E L'^(n) provided that 

2n-l a + 2 1 2p-l a 
< - < — 

s„ iV s s„ 

and 

s ^ A^V p) N' 
From s„ < ttt^ < s„ , we deduce that 

2p - 1 a + 2 1 2Np 1 2p - 1 a 

_£_ <; _ < £_ < < _L 

s„ Af s„ Af + a s„ s„ A^ 

If - ^ > 1, we are done. Otherwise, we set = - f . Similarly, if 

< f then we are done. Otherwise we set ^ = 2|_i-ii±^ 

and iterate. This allows to reach the conclusion after a finite number of steps. □ 



Claim 2. For every r > 1, u E W 



2,rfTn>N\ 
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The proof of this claim is classical, we give a proof in the same style as the proof 
of claim [T] for the sake of completeness. 

Proof of daim[M Since ^ > we have -^(1-^)-;^ < and by claim [TJ 

* \u\P G L°°(R^). If ro e (l,cx3) is defined by = f (1 - i), by claims 

u e W'^'^'iM.'^) for every r e (l,ro). 

Assume now that u € W'^'^{M.'^) for every r G (l,r„). By the classical Sobolev 

embedding theorem, u e L^(M^) for every s £ [1, oo) such that -j > — Hence, 
e L'-(M^) for every r G (1, oo) such that p-1 > i > 

By the classical Calderon-Zygmund theory [TH chapter 9], u G W^-'^{R'^) for every 

r G (1, oo) such that ^ > {p— l)(^i — -^). If r„ > we are done. Otherwise set 



rn+i Vr„ TV 

If p < 2, then 

1 ^ 1 2(p-l) 



J'n+l rn N 

and the conclusion is reached after a finite number of steps. If p > 2, then since 
J_ < -2,(1-1) and i > 

1 , J a f N -2\ 2\ 1 

the conclusion is again reached after a finite number of steps. □ 

Claim 3. For every fc G N, A G (0, 1) and every ball B C M^, ifk + \<p+ \ or 
infslul >0, uGCit^(R^). 

Proof of claim By claim[5]and by the Morrey-Sobolev embedding, the conclusion 
holds for k G {0, 1}. Let B C be a ball such that B C B and inf^|u| > ^ infajul, 
Take 77 G C;?°(K^) such that 77 = 1 on Bi. Write = -qla + (1 - v)Ia- Note that 
since u G L*(M^) for every s > 1 

((l-77)/J*|"reC°°(R^). 

On the other hand, if either A: + A < p - 1 or infslttl > 0, \u\p, \u\p-'^u G C''^^{B). 
Since r;/„ G ^^(IR^), {r]Ia)*\u\P G C'-^iB). Therefore {Ia*\u\P)\u\P-'^u G C"='^(i3) 
and by the classical Schauder regularity estimates [TH theorem 4.6], u G C^''^(i?). 

□ 

5. POSITIVITY AND SYMMETRY 

5.1. Positivity. We show that any groundstate of (|l.ip is a positive function. 

Proposition 5.1. Let a G (0, A^) and p G (l,oo) be such that ^ p ^ IvTa' 

Ifu£ W^'^{R^) is a groundstate of 

-Au+u = (/„*|wr)iur"^w, 

then either u > or u < 0. 

Proof. If u is a groundstate note that |u| is also a groundstate, and therefore by 
proposition 14. II one has G C^(M^) and 

-A\u\ + \u\^{I^*\u\P)\u\P-\ 

By the strong maximum principle, either |u| > or |u| — 0. Since u ^ 0, we 
conclude that either u > or u < 0. □ 
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Proposition 15.11 can also be proved without using any regularity of the ground- 
states. Indeed, if m S H^{R^) and — A|m| + |u| > weakly, then either m > 0, u < 
or u = almost everywhere |31l proposition 2.1]. 

5.2. Symmetry. In this section we prove that any groundstate of p.ip is a radial 
and radially decreasing solution. 

Proposition 5.2. Let a G (0, A^) and p G (l,oo) be such that ^ p ^ N+a ■ 

If u € VF^'^(M^) is a positive groundstate of 

-Aii + ii=(/„*|u|P)|u|P~2y, 

then there exist x^ G M" and v : (0,(X)) — >■ R a nonnegative nonincreasing function 
such that for almost every x £ M.^ 

u{x) = v{\x - Xo\). 

By proposition 15. 11 any groundstate of (|l.ip is positive. Therefore, when p > 2 
and assumptions (|1.4p holds, proposition 15.21 follows from the result of Li Ma and 
Lin Zhao ^ theorem 2]. 

Our proof will follow the strategy of T. Bartsch, M. Willem and T. Weth [il[5T]. 
which consists in using the minimality property of the groundstate to deduce some 
relationship between the function and its polarization. The argument is simplified 
here because the nonlocal term has some strong symmetrizing effect. 

Let H C be a closed half-space. Let an denote the reflection with respect 
to dH and : ^ M be the polarization of w : R^ ^ R defined for x G R^ by 

rr I max(u(a;), u(cr//(a;)) if a; G iJ, 

u i x) = \ 

I mm[u{x),u{aH{x)) if x ^ H, 

(see H). 

A first tool is the study of equality cases in a polarization inequality. 

Lemma 5.3. Let a G (0, iV) and u G i~(R^) and H C M.^ be a closed half- 
space. If u > and 

I u{x)u{y) I I uHx)u^{y) 

then either — u or = u o an ■ 

This inequality is proved without the equality cases by A. Baernstein II [3^ corol- 
lary 4] (see also [301 proposition 8] . 

Proof. First note that the integrals are finite by the Hardy-Littlewood-Sobolev 
inequality. Also note that 

"("^y dxdy 

\N — a 



y\ 

u{x)u{y) + u{aHix))u{aHiy)) 



hJh i^-^r-" 

u{x)u{aH{y)) +u{cTH{x))u{y) 

+ \x-aH{yW-'^ ^ ^ 

and that a similar identity holds for . By an inspection of all the possible cases, 
we have, since u > and a < N , for every x £ H and y £ H 

u{x)u{y) + u{aH{x))u{aH{v)) u{x)u[aH{y)) + u[aH{x))u{y) 
|x-yr-" + \x-cTHiy)\^-'' 
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^ u"{x)u"{y) + u"{cjH{x))u"{aH{v)) 
\x-y\N-^ 



u"{x)uH{aH[y)) +u"{aH{x))u"{y) 



f^H(y)l 



N- 



with equality if and only if either (x) = u{x) and (y) = u{y) or u^{x) = 
u{ijh{x)) and u^{y) = u(cr_f/(j/)) . Since this holds for almost every {x,y) e i/^, 
we have proved the lemma. □ 

Now we show how the information that either = u oi — u o an can be 
used to deduce some symmetry. 

Lemma 5.4. Let s > 1 and u G L'*(M^). If u > and for every closed half-space 
H C M.^ , = u or = u o an, then there exist xq € M.^ and v : (0, oo) — > R a 
nondecreasing function such that for almost every x G K^, u{x) — v{\x — a;o|)- 

This was already proved [311 proposition 3.15]. We give here a simpler argument 
that does not rely on the approximation of symmetrizations by polarizations. In 
order to prove lemma we recall the following result. 

Lemma 5.5. Let u G L^(M^), w G L*(R^) with ^ + j = 1 to be a radial function 
such that for every x,y G with \x\ < \y\, w{x) > w{y) with equality if and only 
if \x\ = \y\, and let H C he a closed half-space. If is an interior point of H 
and 



The proof is elementary and was given for example in [23 lemma 4]. We also 
use a classical characterization of functions invariant under polarizations O lemma 
6.3; US lemma 5]. 

Lemma 5.6. Let u G L^{K.^). If for every closed half-space H C such that 
xq G H , — u, then there exists v : (0, oo) R a nondecreasing function such 
that for almost every x G , u{x) = v{\x — Xq\). 

Proof of lemma \5.4\ Choose w that satisfies the assumptions of lemma 15.51 and 
define for x G R^ the function 

W{x) — / u{y)w{x — y) dy. 



This function is nonnegative, continuous and lim|2,|^oo W{x) = 0, and therefore 
admits a maximum point xq G R^. 

In order to conclude with lemma 15.61 we now claim that for every closed half- 
space H such that xq G H, — u. Indeed, if = u o an one has since w is 
radial and by definition of xq 



u^{y)w{xo -y)dy= j u(aH{y))w{xQ - y) dy 

u{y)w{aH{xo) - y) dy 



< / u{y)w{xo - y) dy 

Therefore, by lemma [^31 if xq is an interior point of i7, we have = u. The case 
xo G dH follows by continuity. □ 
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Proof of vrovosition lST^ Let H C be a closed half-space. Note that 
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H\2 



\Vu[ 



and 



.H\2 



In view of the characterization of grounds states, we have necessarily 



■/R« Jm.' 



.H 



By lemma 15751 for every closed half-space H C M^, either = u or u" ^ uo an- 
We conclude by lemma [SjH □ 

6. Decay asymptotics 

In this last section, we study the asymptotic behavior of solutions. 

6.1. Asymptotics of the nonlocal term. We first study the asymptotics of the 
nonlocal term. We give explicit bounds on convergence rates that we shall need in 
the sequel. 



jV-2 
N+a 



< r: < 



N 
N+a 



Proposition 6.1. Let N eN^, a e (0,7V) and p G (l,oo). // 
and u is a groundstate of 

then there exists C € R such that for every x G R^, 

The proof of this proposition will follow from regularity estimates together with 
a computation of the asymptotics of a Riesz potential. 

Lemma 6.2. Let a e {0,N), (3 e (A^, oo) and f G L°°(R^). // 

sup |/(x)| la;!*^ < oo. 



then there exists C > such that for every x G 



R" \x-y 



\N-a 



dy 



1 



\N-a 



fiy) dy 



< 



c 



\N-a 



l + \x\ l + \x\(>-^ 



Similar statements have already appeared in [131 lemma 2.1]. Here we emphasize 
the precise control on the rate of decay at infinity. The reader will see in the proof 
that C only depends on sup^g^jv |/(a;)|(l -I- 



Proof of lemma 

fiy) 



We need to estimate the quantity 
1 1 



\x-y 



N-c 



\N-c 



dy 



< 



\fiy)\ 



On the one hand, there exists C G M such that if x, y G M and \y\ < 2\x\, one has 



\x-y 

N 



N-c 



,|JV- 



dy. 



1 



1 



\x~y 



N-c 



\N-c 



< 



C\y\ 



\N-a+l 



and thus 



(6.1) 



dy 



< 



< 



1 



\N-a+l 



C'\y\ 



dy 



C" 



Vl + |a;| l + \x\P-^ 
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On the other hand, there exists C G M such that ii x,y E and \y\ > 2\x\ 

1 1 



\x-y\^-- 



C 



from which we compute that 

1 1 N 

< 



(6 2) \-"2|x| I y I II 11 

C" 

< 



The conclusion follows from (j6.ip and (j6.2[) . □ 

Proof of vrovosition [KJ[ By proposition l4.11 u G L^{M.^) H L°° (M.-^) and by propo- 
sition [ST^l \u\ is radial and radially decreasing. Therefore for every x e M^, 

1 



N-2 
p ^ N+a 



ana u is a 



The conclusion follows from the application of lemma W?2\ with / — and (3 = 
Np. □ 

6.2. Superlinear case. In the case p > 2, we are going to show that groundstates 
have classical exponential decay. 

Proposition 6.3. Let N eN, a e (0, N) and p G (2, oo). If ^ < 
positive groundstate of 

then 

lim u(a;)|x|^~e'"'' e (0, oo). 

|a:|— ^oo 

Note that if a < — 4 then the assumptions of the proposition cannot be 
satisfied. S. Cingolani, M. Clapp and S. Secchi have proved that the limit is finite 
[TUl lemma A.2]. 

The proof of this result follows the standard proof for the nonlocal problem. Our 
main tool computational tool is an analysis of the decay rate of solutions of a linear 
Schrodinger equation. 

Lemma 6.4. Letp>QandWeC'^{{p,oo),B). If 

lim W{s) > 0. 

and for some /3 > 0, 

lim W'(s)s^+^ = 0, 
then there exists a nonnegative radial function v ; M.^ \ Bp — > M such that 

-Av + Wv = 
in \ Bp and for some po G {p,oo), 

"1^1 



N -1 j I I , 

lim 2 exp / VW = 1 

Jpo 



S.Agmon has proved this result when > ^ [H theorem 3.3]. The proof of 
lemma appears in a previous work by the authors '24' proposition 6.1]. The 
proof is based on comparison with functions of the form 

(/•l^i 
- / VW + T\xfj 
Jp 

for suitable values of t G M. 
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Proof of vrovositionlKM By proposition [ill u e L^{R^) i°°(M^). Since p > 2, 
we have 

lim (/„ * \u\P){x)\u{x)\P^^ = 0. 

\x\—^OD 

Hence, there exists G M such that in x G and |x| > p, 

{i^.\u\r')ix)\uix)r'<l 



We have thus in \ B 



-Am + -m < 0. 

4 



Let V e C2(R^ \ Sp,R) be such that 



^Av + -v = ifa;eM^\Sp, 



v{x) — u{x) if a; G dBp, 
hm v(x) = 0. 

^ |a:|— voo 

By lemma 16.41 with W = j, there exists /i G M such that for every x G \ -Bp 



u(x) < 



X\ 2 



Hence, by the comparison principle, for every x G M \ -B 



u{x) < v{x) < 



A* 



— P 2 

1 I 



X 2 



which implies that there exists j/ G M such that for every x G M \ i?, 



We have now 



{Ic, * \u\P){x)\u{x)\P-^ < iye-^^l^l. 



-Au + u>0> ~Au + Wu, 



in \ Sp, where W G C^R^ \ -Bp) is defined for x G R^ \ p by 



W{x) = l-ye- 
Define now w, u G C2(R^ \ -Bp, R) such that 



and 



-Au + u = if xgR^^\ -Bp, 

= if X G 9-Bp, 

lim u{x) — 0, 



' -Au + Wu^Q if a; G R^ \ Bp, 
?l(a;) = u{x) if X G 9-Bp, 
lim = 0. 

By the comparison principle u<u<uvl\. R^ \ Bp , whence in view of lemma 16.41 
(6.3) 

0< lim u(a;)|a;|~2-el^l < liminf u(a;)|a;|^~e'^' 

|2:|— >C30 |a;|— >C30 

< limsupu(a;)|a;|^~e''^' < lim ?l(x)|x|^2-el^l < oo. 

|2;|-i.oo |2;|-i.oo 
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It remains to prove that the M(a;)|x| ~2— e'^' has a hmit as a; — >■ oo. Since u and u, are 
both radial functions, we have by the comparison principle, for every r, s g (p, oo) 
such that r < s, 

u{r) ^ u(s) 

that is, the function u/u is nondecreasing. On the other hand, by (|6.3p . the function 
u/u is bounded. We conclude then that u/u has a finite limit at infinity and that 

lim -u(a;)|a;|'^e''^' = lim ^^^^^ lim w(a;)|x|'^e''^' G (0, oo). □ 

|a;|-»-oo |a:|^oo u{x) \x\^oo 

6.3. Linear case. The analysis of the case p > 2 is based on the fact that 
decays exponentially at infinity. When p — 2, we have to take into account the 
Riesz potential la * 

Proposition 6.5. Let iV e N, a G {0,N) and a > N — 4. If u is a positive 
groundstate of 

-Au + u= {Ia*\u\^)u mM^, 

then 



\x\ 

where 



lim^u(a:)NI " exp y y 1 - -^^-^ ds € (0, oo). 



V 



r(f)7r^/22" 



Remark 6.1. The asymptotics of the groundstate are thus related to the behavior 
of the function 



1 T-j ds 

as \x\ — >■ oo. When a < — 1, we have 



1 - \/l - " »r ds < oo. 



and therefore, 

lim u(2:)|x|'^el^l e (0, oo), 
as in proposition 16.31 When a < — ^ , we have 



r\x\ yN-a 

X ^-2P^-^^^-^^^< 

Therefore, in the critical case a = N — 1 which includes the physical case N = 3 
and a = 2, we have a polynomial perturbation of the previous asymptotics, 

lim u{x)\x\" 2 "e'"^' G (0, oo), 

|a:|— ^oo 

whereas when a G {N — 1,N — i), 

JV-l I I „iV-o.|,|l-(JV-^) 

lim u(a:)|x|^~e'^'e 2(i-(iv-<,)) g(0,oo). 

Larger values of a G [N — ^, N) could be analyzed by taking higher-order Taylor 
expansions of the square root [211 remark 6.1]. 

We are now ready to establish the asymptotics of the solution in the linear case 
p^2. 
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Proof of vrovosition lUTSl By proposition 16. 11 there exists /i > such that for every 



X e 



lAT-Q + l 



< 



{I^*\u\')ix)- 



,N-c 



< 



Define now W £ C^K^ \ {0}) and W G Ci(M^ \ {0}) for a; e \ {0} by 



,X\N-a \x\N-a+l 



and 



One has, in \ {0}, 



,N-c 



W{x) = 1 - 



^Am + Wu < < -Au + Wu. 



Define now u,u e C2(M^ \ Bp, M) such that 



and 



' ~Au + Wu^O ifa:eM^\Bi, 

u(a;) = M(a;) if x G 9-Bi, 
lim u(a;) = 0, 

^ |a;|— foo 

' -Au + Wu^O ifa;eM^\Bi, 

u{x) — u{x) if a; G dBi, 
lim u{x) = 0. 



One has for p large enough, 

lim u{x)\x\^^ / v^]£(s) ds e (0, oo) 

|a:|->oo J 



and 



Note now that 



lim u(a;)|a;| ^ 

|a;|— ^oo 



Wis)ds e (0,oo). 



\x\ 



W- VW < oo. 



from which we deduce that 



lim u(a;)|a;| 

|a:|— ^cxD 



and 



lim u(a;)|a;| 



We conclude that 



lim 

|a:|— foo 



\x\ 



\x\ 



,N~a 



1 £ (0, oo) 



,N-c 



as in the proof of proposition 



□ 



20 



VITALY MOROZ AND JEAN VAN SCHAFTINGEN 



6.4. Sublinear case. Whereas in the case p > 2, the nonhnear term did not play 
any role in the asymptotics and for p = 2 all the terms were playing a role, in the 
case p < 2, the asymptotics are governed by the terms without derivatives in the 
equation. 

Proposition 6.6. Let TV e N, a G (0,7V) and p (1,2). If < p < WT^ '^'^'^ 
and u is a positive groundstate of 

-Au + u = (/„ * |u|P)|u|P-2u mM^, 

then 

^j^jH^)) m r(f)^^/22° 

When u is merely a distributional supersolution to the equation, it was already 
known that [24, theorem 5] 

liminf Vn^^ > 0- 

In the limiting case p = ^^^^ , Chen Weng, Li Congming and Ou Biao [S] have 

proved that if u € L (R^) is nonnegative and satisfies the equation without the 
differential operator 

N + a a_ 

U = (/q * |m| « )it" , 

then 

JV-Q f N + c, Ca 



u{x) « = \u 

JR" ' (A2 + Ixp)^-^ 

In the proof of proposition lG.Gl we shall use the asymptotics of the nonlocal term 
derived in proposition 16.11 together with asymptotics of solutions to some linear 
equations. 

Lemma 6.7. Let p > 0, (3 > and X > and u E C2(M^ \ Bp). If for every 
xeR^\ Bp, 

-Au{x) + Xu{x) = —f^, 
\x\P 

and 

lim u{x) — 0, 

|2;|— >C30 

then 

lim u{x)X\xf = 1. 

Proof. Let w E C'^(R^ \ Bp) be a solution of —Aw + w = such that w > and 
liniixHoo w{x) = 0. For ct, r G M define v„ r e C^{R^ \ Bp) for every x GR^\Bp 
by 

One has, for every cr, r e M and x G M.^ \ Bp, 

/ N 1 1 fl3{N-2-l3) / {/3 + 2){N-(3) 

Let R e (0, oo) such that 

\P + 2\\N-I3\ ^ X 



i?2 -2' 

If we choose now cr, G M such that 
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for every x e M \ Bfj and r G M, we have 

1 

\x[ 

Since u is continuous, u is bounded on dBji and there exist r , r G K such that 
Va.T < u < ^CT," on 9-6 j^. By the comparison principle, w^.t < < 'i'?,^ in \ 
Bn. Since hm|3.|_j.oo t;o-,T(a;)A|a;|'^ = hm|j.|^Qo ^CT,T(a;)A|a;|^ = 1, we conclude that 
lim|x|-^oo Au(a;)|a;|'=' = 1. □ 

The proof yields in fact a stronger statement that are not needed in the sequel: 



as I a; I oo. By Phragmen-Lindelof theory, the assumption /3 > can be dropped 
and the assumption lim|^|_j.o2 u{x) — can be replaced by \im^^^_f.ao\x\~^ e~^^u{x) 



0. 

Proof of proposition 1 6. 61 By proposition 16.11 there exists ^ G M such that we have 
for every x G K.^ 

< ^' 



(6.4) I^^uP{x)-I^{x) / \u\P 

with <S < min(l, iV(p - 1)). 

By proposition 14.11 u > and u G C^(R^). Hence, by the chain rule, u^^p G 
C2(M^) and 

-Au'^-P = -(2 - p)u^-PAu +{2-p){p- 1)1 Vup 

in R^. Since p G (1,2), by the equation satisfied by u and by (|6.4p . we have for 
every a; G M^, 

-Au^-P{x) + {2-p)u'-P{x) > {2-p)Ux)( f \u\P - -^). 

Vr« \x\'>J 

Let u : \ Bi be such that 

-Au{x) + {2-p)u{x)^{2~p)Ia{x)( [ \u\P--^) for xeR'^\Bi, 



u{x)^u{x)'^ P for X e dBi, 

lim ui^) = 0. 

|a:|— ^oo 

By the comparison principle, u < v?^p in \ Bi. We apply now lemma W7I\ twice 
and use the linearity of the operator — A + 1 to write 

\x\^oo la[X} J]g.N 

We conclude that 

(u(x))'^~^ 

(6.5) liminf ^ I > 

|a:|-i-oo la(X) 

For the converse inequality, we note that by Young's inequality, 

(la * \u\P)\u\P-^U < (2 -p)(/„ * \u\P)^ +{p- 1)U. 
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By (|6.4p , we have for every x E M.^ \ Bi . 



Therefore, for every x E M.^ \ Bi. 

-Au{x) + i2-p)uix) < {2-p)Ia,{x)^(^(^J Ju\P^~ ^ 
Define now u e C2(R^ \ ^i) by 



-Auix) + (2~p)u{x) = i2-p)Ux)^ (^( J^Ju\p) if x G Bi, 

u{x) = if X E dBi, 

hm -(/(a;) = 0. 

By the comparison principle, we have u < u in \ Bi. By lemma [5771 we have 

hm ^M_. . 



Thus 

(6.6) hmsup — < 

and the assertion follows from the combination of (|6.5p and (|6.6p . □ 
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